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Abstract
Mathematics is very often taught as one directional. A problem is presented in class and
the teacher applies a particular fom1ula or methodology to arrive at the answer. In this
age of diversity in the classroom, one method may not be enough to reach every student.
This paper investigated the use of differi ng approaches teaching various math subjects in
Algebra and Geometry. While results from the study were inconclusive, it appears when
given multiple approaches to solving a type of math problem, the students tended to use
the most recent method taught over any other. The second investigation in this study
dealt with whether provided notes on assessments on the topic would beJp the students
more easily complete the work and remember the methods. While the provided notes
seemed helpful, there were not any appreciable increases in scores due to them.
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Teaching Mathematics from Differing Directions

Diversity in the classroom is an integral part of today's c lassroom. The diversity
of learning styles should be considered in teaching the lessons as well. Mathematics is
one topic that seems to be taught very one-dimensionally. While one teacher may teach
their class binomial multiplication strictly by the FOIL method, another may teach it
using the words like double distribution, and another something different, the students see
only one way to approach it.
This paper will investigate the use of differing paths to teaching various math
subjects in Algebra and Geometry. The approach will be two-fold; the first will be
providing the students three choices to solve systems of equations. It is hoped that given
options the students will be able to make better choices on what process to use and
possibly when to use it. It is hoped that this will also give the students a broader
understanding of the topic.
The other approach will be to provide the students with an extra tool to complete
their homework and assessments. This will take to the form of providing students with
key notes and facts as part of the assessments to refer to as they complete the exercise.
The hopes here is that if the student refer to these notes as they complete the work in a
consistent location, they will be more likely to complete the work. It is then expected
that if they refer to it often enough, the fornrnlas and information will become better
remembered and the notes will not be required when it comes to quizzes and tests.
The purpose of this study is to show that by providing these alternatives to the
students will improve their ability to solve and understand the math topics they are
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presented. Variables for this study will be for one test group three different approaches to
solving systems of equations. They will be taught the three methods and see if there is a
correlation to the way the students choose to solve problems of this type once aJl of the
options are provided. The second variable will be for the second test group who will be
split into two groups. One that will have formulas and notes provided for them on the
assessments and a second group who will have space provided for notes on the
assessments but will be responsible to writing it on the work themselves.
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Literature Review
Mathematics is very often taught as one directional. A problem is presented in
class and the teacher applies a particular formula or methodology to arrive at the answer.

ln this age of diversity in the classroom, one method may not be enough to reach every
student. As stated by Star and Seifert (2006) mathematics educators for years have sought
to address students' tendency to view mathematics as a series of procedures to be
memorized. Researchers concurred that procedures learned by rote are easily forgotten,
error-prone, and resistant to transfer; and the learning of procedures must be connected
with conceptual knowledge to foster the development of understanding. There was little
doubt that the rote execution of memorized procedw-es did not constitute mathematical
understanding. However, there were other ways in which a procedure could be executed.
Leaming mathematics with multiple solutions, perspectives, or representations
was discussed by a variety of authors. However, there were comparatively few controlled
studies on this issue. (Grosse & Renk!, 2006). It was suggested in (Graeber, 1999), that if
students were to remember the mathematics they were taught, teachers must understand
strategies that will promote rememberiJ1g. Researchers (Harskamp & Suhre, 2007)
indicated that students' problem solving failw-es are often not the result from a lack of
mathematical knowledge but from the ineffective use of their knowledge.
This literature review looks at existing research on differing approaches teaching
various math subjects from elementary to secondary school. The literature falls into
specific categories, all of which are built around aiding students in developing math
skills.
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The literature discussed in the differing path category suggests many different
ways to approach mathematics in differing directions. Paths included actual alternative
processes that included a different approach to multiplying polynomials (O'Neil, 2006), a
unique way to look at word problems (Lipp, 2001), and the use of ancient mathematical
methods (Tillema, 2005).
The four views section reviews the literature on the trend taught as either the three
views or four views of a function. These views being the verbal, the rule (equation),
table and graphical views. This topic was particularly discussed in (Herman, 2007) and
(Hyde, George,

Mynard~

Hull, Watson & Watsonet, 2006). Four views tied nicely to the

ideas of differing paths and the ties it had with technology as well as mathematical
techniques and procedures. A category on mental flexibility deals with the work in
updating the student's ability to stretch their minds and change their concepts of math
(Star & Seifert, 2006) and (Threfall , 2002). The literature promotes technology as another
option that covers the ideas of differing paths. This technology includes calculators,
(Herman, 2007) (Hyde et al., 2006), computer programs (Harskamp & Suhre, 2007), and
the internet (Wanko, 2007).
Not all of the reading falls into neat categories, but fits outside the sections, yet
sti ll is contained in the concepts of differing paths. These include connections with art
and music (Goral & Wiest, 2007; Edens & Potter, 2007), games (Shaftel & Pass, 2005),
and the historical (Thompson, 2005 ).
The literature does not only give examples, but also provides documentation on
studies on the topics. One study gives a look between the interaction of the students and
the teacher and the meaning of looking at algebraic expressions (Lee. 2006). Another
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uses multiple solutions to allow the students to choose their solution method (Grosse &
Renkl, 2006) and another uses multiple grade levels to analyze how students used
different approaches to solve the same question (Hyde et al., 2006).

Differing Paths

Most educators agreed that automatic recall was best developed through drill and
practice (Caron, 2007), but mathematics should not be considered cut and dried. One
solution that was found was not necessarily to be the only or best one. The idea of
differing paths recognized the concept that many good math problems can be extended.
expanded and solved in multiple ways (Kalman, 2004).
The literature on different paths were less abundant that expected, but the material
found was extremely useful. Caron (2007) proposed an innovative approach to teaching
multiplication facts for children in middle school or younger. While the multiplication
table is an elementary school concept, the author's approach of not hiding the facts from
the students, but displaying the facts prominently on the review sheets and other printed
work helped the students practice and learn the facts more readily. This idea can be
adapted to other formulas and mathematical concepts at the secondary or any level.
lt was suggested that multiplication tables could be learned either by figuring it

out for themselves or through knowing it by heart (French, 2005). The author defined
knowing it by heart as the learning of the multiplication tables by drill, practice and

memorization while figuring it out was the process of discovering how multiplication
worked by the process of multiple additions and the use of manipulatives. The author
discussed evidence that suggested that knowing by heart and figuring it out are two
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complementary aspects of learning the multiplication tables and the article contained
many suggestions and tidbits that would be useful in the future.
A bad joke started the next idea (Lipp, 2001 ). Question: "What month has 28 days
in it." Answer: "All of them" (Lipp, 2001, p. 278). As the author insisted, the joke was
never very funny, but it could be used as a sta1iing point for creating an alternative
approach to solving a wide variety of traditional algebra word problems.
The examples used by the author illustrated the wide applicability of the joke

method for solving weighted-average problems. The essential aspect is to have
information on two quantities and how these quantities combined. In each example
given, the answer is all of them provided a thinking strategy for producing an equation
with only one unknown. (Lipp, 2001). While the specific examples used in this article
may not apply to the curriculum for the research, the ideas provided can be adapted for
the research.
Thompson (2005) supported a process of subtraction through complementary
addition. In his w1iting be maintained bis strong fee lings that if schools decided to opt
for the teaching of one specific written subtraction algorithm, usually a choice between
decomposition, equal additions or the use of negative numbers, they should also consider
this complementary addition. Thompson went on to detail division by complementary
multiplication as well. While these approaches were unique, they may be a bit too
different as additional paths to solutions, but should be adaptable to secondary
mathematics like polynomials and rational expressions.
With binomial multiplication, a process called FOIL, a method of distributing the
multipliers to get the result has been commonly taught. O'Neil (2006) detailed a method
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of polynomial multiplication that can be referred to as an area or box method of
multiplication. Thjs method described creating a box array that fits tbe polynomials that
are being multiplied. Two binomials would be indicated by a two by two array, a
binomial being multiplied by a trinomial is indicated a two by three array and so on. The
polynomials are then placed on the top and side of the array so that each term can be
multiplied. By filling in the boxes with the results and combined the answer to the
problem can be determined. While very different from the dist:Iibution metbodology, the
author suggested that by having introduced students to the differing method of binomial
multiplication, he tried to teach them to become competent in mathematics and realize
that they have the abi lity to solve what they thought were difficult problems. He also
stated "Convincing them of this is often my most difficult task" (O'Neil, 2006, p. 510).
A concept similar to the binomial multiplication for multiplying large numbers,
was the idea of lattice multiplication (Nugent, 2007). Something akin to the boxes
described above, the lattice formatted each box was divided diagonally. As each number
was multiplied the tens value was placed in the top section, the ones in the bottom
section. Once all numbers were multiplied the numbers were added together diagonally
to get the answer. This, like the binomial mu1tiplication, provided a much more visual
method to multiply larger numbers that provided a diversity of choices for the students.
A method to shorten the amount of work involved in using the Rational Roots
Theorem to find the rational roots of a polynomial with integral coetlicients was
discussed that contained information good for higher secondary math (Combs & Walls,
2004). Another dealt with the exploration of multiplication patterns of suitably chosen
numbers such as 11 , 101, 111 and so on with the use of a calculator (Rose, 2005). These

Teaching Mathematics

11

approaches did not fall into the desired classroom curriculum, but provided insight that
proved to be useful to the research.
The passage of time bas played a role in the differing mathematical paths. "The
history of mathematics is a record of diverse ideas that have grown out of people's
mathematical activity" (Tillema, 2005, p. 238). Various cultures used procedures and
fommlas for math that have evolved into what are commonly used today. While
centuries old, these techniques would be useful in the modem classroom. Egyptian
multiplication is mentioned as a differing path to a solution in (Thompson, 2005) and
Chinese algebra was detailed in the article using historical problems to think about the
current math curricula. (Tillema, 2005).
Roman numerals, Babylonian numerical systems and other historical
mathematical concepts can be considered valuable assets to the secondary classroom.
Differing number systems as well. Base 2, base 8, and base 16 are widely used in
computers today. ln the classroom a unique number system was used to facilitate the
understanding the concepts of place va lue (Hopkins & Cady, 2007). The authors created
a number system that used five symbols to represent values. They came up with this
since they felt their mastery of base-ten hindered their recognition of the difficulties
students bad with the place value. This system allowed the teachers to change their
paradigms on place value, but provided the students with another way to connect w ith the
concepts.
Before alternatives are attempted, Graeber ( 1999) suggested (hat three things
needed to be understood. ( 1) Knowing what students' actually understood was important,
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(2) Students knowing in one method did not necessarily know in the otber(s), and (3)
intuitive understanding was both an asset and a liability.

Four Views
The literature reviewed pointed to the notion of various views of functions. The
concept itself directly addressed the idea of numerous methods to view math. In this case
the view of functions. The literature more often mentioned three views as opposed to
four and was referred to amongst other things as a verbal, a rule or equation, a table, or a
graphical view. Various author citations concluded that strong problem solvers are
capable of representing problem situations in many forms: a sketch, a graph, a table or a
numerical example. (Harskamp & Subre, 2007). These views were represented in the
literature for creating multiple representations in AJgebra (Hyde et al. , 2006) and
promoted as helping to demystify systems of equations. (King, 2006). A particular study
of interest due to its spanning multiple grade levels created a lesson plan that was
undertaken for grades five through eight (Hyde et al., 2006). This approach showed that
Algebra ideas could be presented and analyzed by students in many ways or views.
While the Hyde, George, Mynard, Hull, Watson and Watsonet (2006) study
showed the diversity of results that students could produce, Herman (2007) noted that
given a choice students predominantly chose symbolic and graphical approaches. With
the symbolic approach being used more than graphical. This seemed to be because many
students thought that the symbolic manipulation should take precedence over the other
types. Where the graphical and tabular views should only be used for checking purposes.
Each view had its benefits, but why students choose one representation over another
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when solving problems depended on several things. These included student perception of
what is mathematically proper, of what the instructor believed about the value of given
methods, and the efficiency in which the given representation could produce an answer to
a problem (Herman, 2007).

Flexible Minds
Mental flexibility was one goal of mathematics educators use to help students
become good problem solvers (Lee, 2007). A flexible solver was defined as one who bad
knowledge of multiple solution procedures and had the capacity to invent or innovate to
create new procedures (Star & Seifert, 2006). Others referred to this as ways offiguring it
out for themselves (French, 2005). Asking students of all ages to devise and discuss their

own methods of doing calculations helped to develop their understanding of numbers,
built up their number facts and encouraged a problem-solving approach to all
mathematical work.
Graeber ( 1999) provided a rationale for requiring students to explain their
thinking and justify their procedures and answers to meaningful problems. This form of
mental flexibility suggested a classroom should exist where teachers do less talking and
more listening to students' responses and to students' discussions with one another.
While the idea seemed sound, the author admitted that teachers who have attempted to
implement such classrooms found that they needed to teach children how to participate in
this type of environment, (Graeber, 1999).
The idea of allowing the students to discover their own solutions was another
view of a flexible solver (McMaken-Marsh, 2007). The authors wanted students to be
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able to wonder about a problem, research it, and find that their speculations turned out to
be wrong. The author wanted to keep the students wondering and was quoted as stating
that while discussing students discovering their own solutions, " l have seen a single
period generate as many as seventeen different methods" (Lee, 2007, p.40) of solving a
specific problem.
A look at learning the multiplication tables discussed a change in the paradigm
surrounding this topic. This author insisted that learning the multiplication tables by rote
was never necessary. Practice over many times would be all that was needed. The author
stated "although rote memory is found to be successful for 70 percent of teachers, it is
one of the least effective ways of memorizing and takes a great deal of time and effort on
the part of the learner" (Caron, 2007, p. 279).
A study that explored the development of students' knowledge of mathematical
procedures (Star & Seifert, 2006), looked at an alternative where students chose to
deviate from established solving patterns on particular problems for greater efficiency.
Students with no prior knowledge of formal linear equation solving techniques were
taught the basic transformations of this domain. After instruction, students engaged in
problem-solving sessions in two conditions. Select students completed the alternative

ordering task, where they were asked to resolve a previously completed problem but
using a different ordering of transformations. Those completing alternative ordering tasks
demonstrated greater flexibility.
An activity called trap hunting by tbe author (Lee, 2007), taught students to more
thoroughly review problems and to search for traps that either mislead them from the
problem or simply had nothing to do with the problem. This hunt provided the students
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with the abi lity to more accurately decipher word problems by analyzing the problem to
develop the answers necessary to complete the problems successfully.
The benefits of the 'trap hunting' activity were seen when the students, at the end
of three years of action research, encountered multistep word problems. They
confidently analyzed multi-step problems by using various symbolic tools, such
as charts and schematics, instead of guessing or doing random computations
(Lee,2007,p.44)
The article presented by Threfall (2002) on mental flexibi lity reported that if the aim of
teaching mental calculation is flexibility, what children and adults do to calculate
efficiently should not be distilled into general descriptions of methods or strategies.
Rather it suggested that solutions to problems would be better approached as specific
examples of how particular numbers can be dealt with, how numbers can be taken apart
and put together, rounded and adjusted, and so on.
While the literature indicated that being able to train students to think in differing
paths could be approached many different ways. Some argued that flexibility in mental
calculation is better approached through teaching that focuses on the number knowledge
and understanding that is drawn on when calculating, than simply being different
(Threfall, 2002). Different did not necessarily lead to learning, but being flexible did.

Technology
Computers and calculators found their way into the classroom in the mid-l 970s.
At that time. they were simply considered tools to help add and subtract. Or if you could
afford one, one that did sine, cosine, and tangent. The literature indicated that the
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advances in the technology have made the calculator not only a tool for the students, but
another way to expand the students· ability to find differing paths to their solutions.
"Students can learn more mathematics and more deeply with the appropriate use of
technology" (Herman, 2007, p. 28).
Of the technology that exists, the calculator was mentioned most. The TI-83
graphing calculator was discussed as a way to help solve systems of equations (King,
2006) and when related to the three (four) views of a function. (Harskamp & Suhre,
2007) (Hennan, 2007), the later by using the equation, table and grapb ing ability of the
TI-83 to expand the possibilities of solving problems with the machine.
Whi le widely used, it appeared that students were not convinced of the
calculator's utility as a learning aid but rather viewed the calculator as simply as a
procedural tool or computational device (Herman, 2007). Due to this, other studies
tended to focus on how the graphing calculator was used rather than whether or not they
were used at all and stated that students must be made aware of and encouraged to use the
calculator as a tool (Herman, 2007).
The literature also described the use of more advanced computer programs. One
evaluated the effectiveness of a student controlled computer program for high school
mathematics for problem solving (Harskamp & Suhre, 2007). The computer program
al lowed students to choose problems and to make use of hints during different sessions of
solving problems.

ot only available for students, computer programs and databases

help the teacher in the classroom. One such case would be ex.anzgen, which provided test
questions on any subject for teachers.
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A study on probability using computer programs allowed to teacher to spend more

time on teaching and allowed the students more time to bui ld sample spaces (Beck &
Huse, 2007). Ln addition, the students were able to view a large number of outcomes for
each experiment. Because the students were able to perform experiments hundreds of
times more than if they were physically manipulating objects, they could explore the law
of large numbers. This gave the students more chances to discover solutions on their own
and to create more flexible connections.
Access to programs and their use did not necessarily improve students' problemsolving behavior. ln a study by Harskamp & Suhre (2007), comparisons of different
groups did not differ significantly from each other, but the literature showed that the
availability of these programs continued to be an asset.
The Internet is the final bit of technology found in the literature. The web sites
available to find math assistance were immeasurable. Web sites were used to find direct
or indirect solutions to many problems solving tasks (Wanko, 2007). Teachers need not
fear the idea of students using the Internet to cheat, but should encourage its use as a tool.
It is suggested to use problems found on the net to pose to the students. That way the
teacher would give the students the freedom to find the problem themselves (Wanko,
2007). It was suggested that the Internet did not signal the death of problem solving,
(Wanko, 2007) but was simply another piece of technology that students can use to find a
different way to a solution.
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Other Paths
The literature describes other fo1ms of differing paths that do not fit into the
previous sections. For instance games were one of the activities found in the literature to
be advantageous in the classroom. Mathematical games allowed the learner opportunities
to reinforce current knowledge and to try out strategies or techniques without fear of
getting the wrong answer. It was warned that to maintain their motivational value, the
teacher should not overuse the game format. As with any classroom activity, teachers
should monitor and evaluate the effectiveness of games as part of the instructional
curriculum (Shaftel & Pass, 2005).
Other research examined the relationship between performance on several
drawing and problem-solving perfom1ance tasks which gave evidence that drawing-based
instructional strategies provided useful information to classroom teachers about student' s
level of spatial understanding. In this study it was found girls were significantly more
likely to use schematic drawings than boys (Edens & Potter, 2007). Goral & Wiest (2007)
found by using visual and tactile input through art materials as well as combining fraction
concepts using music foundations that students could bolster their understanding of
fractions. These ideas not only allowed students the opportunity to see math in a different
format, but also allowed interdisciplinary lessons to cross-classrooms.
The variety of topics and approaches to math are numerous. Games, art, and
music were certainly some, but others like looking at the alternative solutions of the area
of skin on someone and how many melon balls can come from a melon were also written
about (Zbiek & Shimizu, 2005). The important thing that needed to be remembered as a
classroom teacher was that students need exposure to a variety of problems drawn from
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real life experience and the freedom to solve the problems in many ways (Fleming Amos,
2007).

Existing Studies
With a ll of this literature comes study and research. This section reviews several
of the pertinent studies found. The first of these was based on the teaching experience
using Davydov's mathematics curriculum, which was developed in the fo1mer Soviet
Union. Wbilefi'·om arithmetic to algebra was the normally accepted instructional
sequence in school mathematics; this curriculum is laid out.from algebra to arithmetic,
and focused on a lgebraic thinking from the very beginning of the e lementary grades. The
purpose of this study was not to prov ide a definitive conclusion about which curriculum
or sequence is better nor to address which instrnctional strategy was right in all
circumstances. Rather, it was to explore bow primary grade students developed their own
conceptual understanding whi le confronting difficulties met within a specific context.
The study provided actual classroom episodes from working with a group of first graders
and described dynamic interactions between the teacher and children while they
discussed the use of algebraic expressions and understand the meaning behind them (Lee,
2006).
In the next study reviewed students with little prior knowledge of equation
solving learned, via minimal instruction and a few hours of practice, to be very successful
solvers. In addition, some students discovered how to invent in their solutions, meaning
that they showed the capacity to use solving transformations in common ways on some
problems. The number of students who developed the capacity to invent was surprisingly
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large, considering performance of more mathematical experienced persons in prior
research. Students' success and discove1y of inventions was even more impressive
considering tbe absence of worked-out examples during instruction (Star & Seifert,
2006).
It had been suspected that allowing children to work with invented arithmetic
algorithms, rather than being drilled in the use of standard algorithms, was beneficial
toward their understanding of numbers. However, adapting tbe methods for postarithmetic, symbolic mathematics had not been considered. The study suggested that
there were significant benefits to having students invent their own symbolic methods of
solving equations and subsequently attempted to modify and refine these methods. (Star
& Seifert, 2006)

A study by Grosse & Renkl (2006) considered multiple solutions in mathematics
where the learner had the opportunity to make use of different representations. The
literature outlined three main advantages of multiple representations. l) Multiple
representations allowed the learners to combine representations containing
complementa1y information, thereby, the complexity of eve1y single representation could
be limited. 2) Multiple representations could constrain the interpretation of single
representations, thereby, they could help to avoid misinterpretations. 3) Connecting
multiple representations was useful for gaining a deeper understanding of the learning
materials, because complex interdependencies could be interpreted in new ways, and
abstraction as well as generalization could also be fostered. Much of this was reinforced
in the Leikin and Levav-Waynberg (2007) study that was grounded in the same
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theoretical position that solving problems in different ways created mathematical
connections when learning and teaching mathematics.

ln the same Leikin and Levav-Waynberg (2007) study, the authors focused on the
last aspect on fostering the understanding and acquisition of solution methods that could
be flexibly applied. Although learning with multiple representations or multiple solutions
may have fostered understanding, it presented certain challenges for the researchers. The
learners not only had to understand every single representation, but they also have to
integrate them in order to establish coherence. Although the employment of multiple
solution methods was found to be promising, the authors felt the effects may depend on
the type oflearning outcomes considered (Grosse & Renkl, 2006).
A cross grade research paper asked the question: "Can a rich problem-solving task
challenge a diverse range of students" (Hagen, Hooyberg, Marsden, Simonski, & Yuen,
2007. P. 88)? Students from 1st grade to 9th grade were asked the same question and
were asked to come up with a solution.
Danny, Connie, and Jane have eight cookies to share among themselves. They
decide that they each do not need to receive the same amount of cookies, but each
person should receive at least one cookie. If the children do not break any of the
cookies, in how many ways can they share the cookies? (Hagen et al., 2007)
The solutions used by the various class levels were numerous and each unique, but the
study found that external influences often effected that. One main influence was the
approach the teachers used to introduce the problem to their classes. The teachers
discussed the need for keeping future problems open-ended and not directing the students
to any particular method of solving the problem. On reflection, the teachers believed that
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they had indirectly placed parameters on the students' interpretation of the question and
their responses to it. (Hagen et al., 2007).
Researchers Rittle-Johnson and Star (2007) studied how comparing contrasting
solutions might support greater procedural knowledge and flexibility. The study
suggested that this seemed to help students differentiate important problem features, and
to help students consider multiple methods in general and lastly, it thought it might better
prepare students to learn from a summary l.esson presented to all students. Although this
and other studies provided evidence tbat sharing and comparing solution methods was an
important feature of mathematics teaching, existing studies did not directly link this
teaching practice to measured student outcomes (Rittle-Johnson and Star, 2007).
The research itself did not support the researcher's hypothesis that comparison of
multiple solution methods would lead to improved conceptual knowledge. Comparison
seemed to be a fundamental learning process. In particular, comparing multiple methods
to the same problem facilitated learning, particularly procedural knowledge and
flexibility. It suggested that by moving beyond simple show-and-tell of different solution
methods to more active sharing-and-comparing would prove be an impo11a nt goal in
reform effo1ts in mathematics. This study provided direct empirical evidence that in
learning to solve equations, it paid to compare (Rittle-Johnson and Star, 2007).
Encouraging students to share and compare solution methods was found to be a
key component of reform efforts in mathematics, and comparison is emerging as a
fundamental learning mechanism. To experimentally evaluate the effects of comparison
for mathematics learning, the authors randomly assigned seventy, seventh grade students
to learn about algebra equation solving by either comparing or contrasting alternative
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solution methods or reflecting on the same solution methods one at a time. At posttest,
students in the compare group bad made greater gains in procedural knowledge and
flexibility and comparable gains in conceptual knowledge. These findings suggested
potential mechanisms behind the benefits of comparing contrasting solutions and ways to
support effective comparison in the classroom (Rittle-Johnson and Star, 2007).
While no firm conclusions were made in any of the research on the concept of
differing paths, it did provide a framework and information tbat was useful to the
research on multiple solutions to mathematical problems.

Swnmwy
Geometry teachers often assume that students know what a square or a right
triangle is, yet there is evidence that given such a figure in a nonstandard position many
high school students ready to enter a geometry course have difficulty identifying them
(Graeber, 1999). This phenomenon is less rare that one would think. Teach or show a
student a solution, they often set that solution in stone and have difficulties seeing any
other process beyond the one they last saw. Therefore, teaching various methods is
important, developing flexibility and the ability to solve problems is j ust as important.
Teachers themselves must be willing to adapt to the students' ability level and try
different approaches to algorithms for the students. "It seems to me important for teachers
to understand that executing an algorithm, or getting the right answer does not imply
conceptual understanding" (Graeber, 1999, p. 197).
Most educators understand that current practice needs to change, especially in the
teaching and learning of mathematics. Engaging children in purposeful discussion,
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especially during small-group instruction, is one significant component of mathematics
reform (Fleming Amos, 2007). There is much to do, to try and to share in teaching the
differing paths of math as well as much to do to get the students excited about math as
well. Of all of the things discovered in the literature and of the paths to take, the best
place to start is to "Share excitement about mathematics" (Fleming Amos, 2007, p. 72)
w ith your students.
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Methodology
The methodology used consisted of two procedures. One was solving systems of
equations using differing methods of teaching the subject. The first was solving by
graphing each equation to determine the solutions via the intersections of the graphs. The
second was through substitution where reducing the number variables to one by
substituting one variable with another and solving solves the equations. The last is
through elimination where by adding the two equations, one variable is eliminated and
adding the two equations can solve for the remaining variable.
The second subject study was for transformations of geometric figures. In this
area the subtopics of reflections, translations, rotations and dilations were taught in the
same fashion to all classes, but assessments had two versions. One contained notes
detailing the notes for the subtopic and the other contained no notes, but simply an area
where students could add their own notes for the assessment.

Participants
There were four classes involved in th is study. The students ranged from ninth
graders to seniors and come from an urban school district. The course contents were
Algebra, Geometry and Integrated Math.
Period one, Geometry consisted of eleven students. These students were juniors
and seniors that have previously failed the course. In several cases more than once. Four
students failed due to lack of attendance. The remaining seven when they attend, worked
hard to succeed. Attendance in this class changes drastically from day to day. One day
there may three in the class the next seven. There is a set of these students that come

Teaching Mathematics

26

regular1y, but the absenteeism makes it bard to keep the class consistent as many of these
students are almost always trying to make up time and mjssed lessons.
Period two, Algebra Honors consisted of nine students aU of which are freshmen.
These students were motivated, almost always on task and progressed at a rate faster than
their contemporaries. Although some students opted to not complete tasks, particularly
homework, all were successful students.
Period four, Geometry consisted of twenty students, primarily sophomores and
juniors. The class was a mix of those repeating the class and those who were first time
geometry students. This class contained very few students that even attempted to
succeed. An average of eight students out of the twenty passed each marking period.
While the class was not a honendous management headache at first, motivation was an
issue. M time went on, this lack of motivation lead to more management issues.
Period eight~ Integrated Math consisted of twenty students. Made up of primarily
juniors, the class was made up of students that were on schedule with the standard illgh
school math progression. While some students fai led, most students were focused and did
wel I in the class. The class did provide it's share of management issues due to the
personality mix of the students, but they were overall successful and maintained a
classroom regiment that kept up with the state's pacing chart.

Insrn1me111s and Materials

The materials used in this study consisted basically of notes provided by the
teacher, student assessments, and evaluation sheets to document the results. For the
differing path portion of the study, materials consisted of lesson plans separated by the
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approach of the lesson. For solving systems of equations, one lesson detailed tbe use of
graphing the equations to determine the solutions and the corresponding assessments.
Another lesson detailed the use of substitution for solving systems and corresponding
assessments. The last used elimination to solve the systems of equations and the related
assessments. At the conclusion of the lessons a final assessment was given to the
students that provided a choice of which solution type to use to complete the problems.
Once completed the evaluation will detail the class information and document the method
the students used and what conclusions, if any, can be made.
The materials for the formula provision portion of the study consisted of lesson
plans for the topic. Only one version was necessary for this. All of the assessments were
made with two versions. One version contained the formulas and helpful hints to provide
reference for the students, the other version contained no hints, but provided space to give
students room to write their own notes and formulas . The final assessment for the unit
was created to allow the students flexibili ty and choice of which method they could use
to solve each system. Once completed, the assessments were analyzed to see what could
be concluded from the results.

Data Collection/Procedures

In order to complete this study the following tasks were performed as described.
First, the topics to teach for the study were decided upon and the assessments created for
the topics. For the differing paths, assessments to teach solving systems of equations
were created for each method. Each assessment Lent itself to the specific solution being
taught, but it was emphasized as the lessons went on that the other methods taught
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previously wou ld work as well. Bellwork also reviewed the other types of solutions on a
daily basis to keep each concept fresh in the classes mind. The final assessment was
written to give the students choices. Parts of the assessment allowed the students to pick
a particular question they chose to solve. There would be a series of questions on several
pages. One would be to solve a system of equations using substitution, another through
elimination. The students would then choose one to answer. A second type of question
would be a system of equations and the students could choose which method to use. The
question was worded so that any of three methods could be used. Once completed the
accuracy and the methods chosen were documented to see if any conclusions could be
made.
The assessments for the transformation portion of the study also bad two versions
for all practice assessments. One provided the formulas used to calculate the topic of the
day whether for reflections, translations, rotations, or dilations. A final review
assessment contained all of the formulas. The other version of the assessments, while
tbey contained the same sample questions did not contain the formu las, but a blank
section where the students could write their owns formulas. The final test/quiz
assessment was identical for all students to keep the results consistent over all classes.
Based on these assessments, the lesson plans were created for each topic or
methodology. Each section of the units bad their own lesson plan. The transformations
contained seven lessons. an introduction, a reflections, a translations, a rotation, a dilation
and a notations review lesson. Solving systems of equations contained five lessons,
solving by graphing, solving through substitution, solving through elimination, word
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problems containing systems and a review. Tbe lessons were written so that the first
three could be easily interchanged so they could be taught in different order.
It was then decided which classes were to be presented which lessons. In this

study. the period I and period 4 Geometry classes were taught the transformations unit
using the given notes on the assessments. Period 8 Integrated math. were presented the
same transformation unit, but their assessment contained no hints and they needed to rely
on their own notes for assistance and were given the opportunity to write the notes on
their assessments in the pace provided.
Period hvo, algebra honors students were given the solving systems of equations.
For this class, the methods were taught in solving using graphs, solving through
substitution and solving through elimination.
The lessons were then presented as written giving the appropriate assessments as
the lessons went along including the fina l/test assessment. After the assessments were
corrected, photocopies were made so they could be analyzed for the evaluation portion of
the study. If students provided corrections for any of these assessments, photocopies of
these were made and included w ith the copies of the initial assessments. All original
assessments were returned to the students.
Evaluations were completed as close to the actual completion of the assessments
as possible to keep the circumstances fresh. This also made it easier to document the
growth of tbe student knowledge as the lessons went on.
The process of teaching the unit lessons, assessing the material and evaluating the
results were repeated until the units were completed. When the lesson portion was
completed the students were given a unit test on the topics from class. With these final
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assessments, no formulas were provided nor examples of the different paths. These
assessments needed to analyze what the students retained from the processes taught so
only one test was used for each topic.
Results of these evaluations were completed and compared. For the
transformations unit, results were compared between the classes that had the references
provided and those classes that needed to either remember the formulas or document
them for themselves. For the solving systems of equations unit, results were compared
between students, which methods were used to solve the problems and to track whether
the order the methods were taught effected the results.
The results were analyzed. Based on these results, the lessons were updated to
improve upon any issues found with the process. Based on the reaction of the students to
these lessons, future lessons would be updated to use some of these techniques as well to
see if the results from the original study were maintained or improved with repetition.
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Resu lts
The results of each process were intriguing. Due to the number of students that
partook in the differing paths portion with the solving systems of equations unit the
results were easier to collate. The students understood each section well enough. The
section of graphing each equation seemed to easier for them since the assessments and
work produced on this section was exemplary. The substitution and elimmation methods
went well as well, but the students did have a harder time developing the skills needed to
easily solve the systems using multiply methods. To prepare them for the unit
assessment, a review was taken be the class calling for them to solve various systems in
specific ways, graphing, substitution or elimination. This showed a solid understanding
of all three methods by eight of the nine students.
The test contained three test questions to see how the students would respond to
the differing solution methods. The first example, numbered question 12 on the test (see
Appendix A) gave the option to choose to solve one of the two questions. One was to be
solved using substitution and the other elimination. Of the nine students, six chose to
solve the elimination problem, the rema ining three chose to solve the substitution
problem.
The second example, numbered 13 on the test (see Appendix A) gave the option
to choose to solve one of the two word problems that required solving a system of
equations. Once chosen the students could solve the problem using whatever method
they desired. Of the nine, two chose the first problem, six the second and one chose not
to do either problem. Of the two that chose the first problem, only one student completed
the problem correctly and they used the substitution method. The remaining six solved
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the second problem. While all six completed the problem to various degrees, two used
substitution to try and complete the problem, the remaining four used elimination.
The third example, numbered 16 on the test (see Appendix A) gave the option to
choose the given problem using any of the three options and even gave a graph for lJ1e
students to use if they chose that particular method.

The system was created to allow

any of the three methods to be used to solve the equations with a minimum of tweaking
so as not to suggest a particular was better than the any of the others. All nine students
attempted the problem and given the freedom to use any method, one used the graph, two
used substitution and the remaining six used elimination.
The study for the transformations unit consisted of six separate assessments on the
unit topics and two quizzes. Each assessment came in two versions, one with notes to
help the students and a second version with no notes, but a space to add notes if desired
(see Appendix B). There were twenty-six students in the test group w ith notes consisting
of two classes, one class of nine students and a second of seventeen. The results for these
two classes will be listed separately due to the different personalities of the classes
themselves. For more specific numbers not detailed here, refer to Appendix C.
The first topic was on reflections and the practice work was turned in as part of
the class work. The first period class seemed very lost with the topic and only two turned
in the work. The fourth period class did little work during the time allotted for the
exercises and only eight of that class turned in tbe work. The average score for these
classes were under sixty-seven percent. The class that did not have the notes had a better
return rate than the other test groups (fifty-e ight to twenty-two and forty-seven percent)
and their average grades were higher at seventy-six percent without the notes provided.
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The topic on translations produced better output and scores for each test group.
The assessment for this topic contained both notes and examples for the first two classes.
When shown the examples, which many of tbe students did not seem to even notice until
they were pointed out, they grasped the concepts quickly and did better on the practice.
The exercise was completed in class so the return was than the previous topic. The
scores for the exercise were also higher, being over eighty percent for both test classes.
For the period eight test group with no examples had excellent return as well at almost
eighty percent, but the average score on the assessment was a bit lower than the test
group with the notes.
Rotations was the next topic and return for the first test group was again low
being under fifty percent. The non-notes group return rate was a bit over sixty percent,
but the averages of the two groups were extremely divergence as the notes group
averaged less than sixty-eight percent, while the group that did not have notes averaged
eighty-five percent on the assessment. This practice also saw this later group finally take
advantage of the section to add notes as nine students wrote some level of notes on the
assessment to help them complete the task. One item of note was that almost all students
that did not complete the assessment simply did not complete the last three problems on
the assessment as too difficult. While these problems were not extremely different than
the others, they did provide a level of scaffolding for the assessment to see if the students
could expand their knowledge of the topic. Tbe fact that so many abandoned doing these
problems for the same reason was interesting.
The returns on the dilations assessment was very disappointing as only two
assessments of the twenty-six were returned for the test group with notes and those that
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were turned in had a fifty percent accuracy. The second test group return rate was low at
only thitty-seven percent, but the assessments turned in were completed at a ninety-three
percent accuracy, but unJike rotations no one transcribed any notes onto their worksheets.
The symmetry lesson's assessment was reviewed as a class exercise w ith the
period one test group, which produced a return of six practices of the nine class members.
The accuracy rate was around eighty percent for this group as compared to around
seventy percent for the period four test group and its measJy thirty percent return. The
eight period test group with no assessment notes had an even lower return rate of a little
over twenty percent, but with around an eighty percent accuracy like the period one notes
test group.
The last topic in this unit was a section on transformation notation that reviewed
all of the previous topics. The notes prov ided for the first test group collected the major
points of the previous topics and placed them onto the assessment. As seemed to be the
pattern, return was terrible for the first test group as only four assessment were returned
from the twenty-six sh1dents from the period one and four classes. While half of the
assessments from this small lot had decent scores, those that had bad scores did well on
the front of the assessment where the notes were easily seen. T hese students then scored
badly on the back of the sheet almost as if the students did not want to flip the page over
to check the g iven notes to see if they were doing the task properly. The second group
without notes had better return with ten of nineteen returned and three did add notes to
the sheet for assistance, but did see three others tbat were using their own notes to help
them complete the exercise. For this assessment while the approach to exercise seemed
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very wfferent from the two test groups, the overall average on the practice around eighty
percent.
While the assessment results varied immensely from topic to topic and day to day,
the results of the two quiz and test assessment seemed a bit more consistent. The first
quiz was a brief twenty-point assessment that covered the reflections and translations
section of the unit. The quiz was identical for both test groups and while the notes test
group averaged a seven ty percent on the quiz, the second test group scores an average of
twenty percent more on the quizzes with a ninety-one percent average.
The second larger test covered the whole of the transformation unit and a logical
reasoning class as well. The transformation po1tions of the test were a total of sixty-two
points and results are based on this number. Like the first quiz the scores for the first test
group from period one and four were much lower than the second test group. In fact, the
diversity of scores between the two notes test groups was quite wide as we11. Where the
period one group had around sixty percent of the class complete the test, the average
score was at sixty-four percent. Period four had around the same return rate as period
one, but tbe average score for this class was a forty-six percent.
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Discussion
When lessons are taught in the classroom and the students see an approach to the
problem they have not seen before, they sometimes become resistant saying they learned
it another way. They may still not have an idea how to solve the problem, but giving
them an alternative will often close the student's mind to these solutions. With the class
that was the test group for the differing solving systems of equation methods this seemed
to not be an issue. While given the class choices were important and an integral part of
the study, the last method taught seems to be the one that stuck with students.
While more diversity in the student's solutions, was expected it was not totally
surprising that the results that the last process taught was the method used most
frequently. The students seemed to have had an issue with thinking beyond the last
lesson. Once they learned a method they seemed only to be able to use that process to
solve a problem. Even when it seemed obvious to do the problem one way, they tried to
work it out using the most recent method learned.
The literature provided an excellent starting for the literature and provided some
excellent ideas. For example, the lattice multiplication (Nugent, 2007) and the
polynomial multiplication (O 'Neil, 2006) methods found in the literature which offered
alternatives that included a more visual approaches to the process than some more
traditional methods. These concepts provided a great connection to the solving systems
of equations use of graphing to as its v isual method.
The examples of differing methods discovered in the literature provided the
groundwork for the solving systems of equations units, it was also found that the advice
found in the literature on these differing paths was just as useful. O 'Neil (2006) found
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that it seemed difficult to motivate many of tbe students that were part of his research, the
algebra class that took part in tbe equations portion were more prone to take the challenge
and try the difficult problems than any of the classes. It ce1iainly seemed true that when
it came to give the students the confidence to try the problem, "Convincing them of this
is often my most difficult task" (O'Neil, 2006, p. 510).

It appears from these results, that students seem to latch onto the latest and
greatest method of solving a problem and seem to use it over any other, independent of
their learning style or if there is another possibly more obvious way to solve it. While
offering choices seem to be a good teaching technique, the students may need to develop
better problem solving skills in the math class to better determine which solution method
may be better to solve particular problems rather than simply using the last way they
were taught.
To be better able to use these techniques in the future it may be necessary to
update the lessons to not only teach the multiple ways, but to help the students better
identify wh ich types of solutions work with what type of problem.
Using one unit to test this hypothesis has produced very limited results. To see if
some of these assumptions are true, it will be necessary to teach this unit again, possibly a
number of times. This should be done with different classes by teaching these three
methods in this unit in a different order to see if the classes continue to favor the last
technique taught them when given the option to solve these types of systems.
The time a llocated for this study also seemed short and should be expanded in the
future to include not only more classes but expand the topics in the study. With more
topics and more time the data and assumptions can be better caJibrated.
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The transformations unit that provided notes and formu las on the homework and
other assessments provided a very different result. When notes were provided on
assessments, it was expected that being given these formulas and notes, the classes would
produce more work and more accurately. While it seemed to help sometimes, the results
did not really show a consistent improvement or a better understanding of the topics. The
test group scored inconsistently when compared to the group without notes, more often
scoring worse on the assessments than the second group. This fact along with the fact that
the group not provided notes scored higher on the quiz and test assessments seem to show
that the notes did not help.
While the results in this research did not meet expectations, the personalities of
the classes seem to have effected the results, whether through the high absenteeism, the
lack of moti vation to complete the work and low return of work affected the results of the
test group with additional notes. If further study is done, it will be necessary to find
classes that are closer together in ability and motivation to try this idea again to test this
hypothesis.
Any determination as to whether the students showed any improvement is
difficult due to that fact that the results and return were so extreme. The wide range of
skill. desire and level of the students also made the data hard to interpret. The classes
did not understand or take advantage of having the information available to them. As
seen on as least one of the assessments, work on the front was completed better than that
on the reverse side, as if they did not bother to turn the page over to reference the notes.
Another factor was that even getting the students to complete to entire exercise was often
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a struggle. It was not uncommon to have incomplete work banded in where the student
stopped working halfway or three-quarters of the way through, whether they thought the
work got too tough or simply felt they had done enough.
Caron (2007) proposed this approach to teaching the multiplication facts to
middle school children and despite the fact that his study seemed to be more successful
than this study, the idea still has merit. The data may not support the hypothesis, but
comments by students and peers on the assessments that contained the helpful
information was extremely positive and worth continuing.
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Conclusion
While no finn conclusions were made from these two studies, the thoughts behind
the ideas continue to have merit. Teaching differing paths to math topics and giving the
students choice continues to be a firm pait of the foundation of my teaching technique.
This study seems to indicate that the order of the methods is very impo1tant in the results
received. While further study needs to be done to confirm that order is one key, the
student's ability to problem solve also needs to be studied and the two tied together.
Having choices on bow to solve problems and being able to decipher what process to use
need to become part of the student's set of math tools to insure their success.
Providi ng fonnulas and notes for the students remains to seem to be good idea.
While the results of this study were far from conclusive, the students did seem to
appreciate them. Success in the future on this section relies on having classes that are
more motivated on getting their work in and completed. The make up and personality of
the class are a key part to the success of this type of study. WbiJe this idea will continue
to be part of lesson assessments in the future, vigilance will need to be taken to determine
whether the students are using them as intended or they simply using them as an excuse
to not take their own notes. This concept of providing these notes and its use will need to
be a tool for the students, not a crutch.
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12) Choose one of the following two problems and solve:
Solve this system of linear equations by

Solve this system of linear equations by

using substitution:

using elimination:

y
y

3x + 5
x + 17

2x + 3y
3x-3y

- 12
27
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13) Choose one of the following two problems and solve:
The ratio of Geometry students to
Algebra students in Mr . Mansfield's
classes is 8 to 2. There are a total of
60 students in all of his Math classes.
How many students are in his Geometry
classes? How many students are in his
Algebra classes?

Lucas has a money jar containing nickels
and dimes worth $2 .00. The money jar
contains 25 coins. How many of each coin
does Lucas have?

Define each variable:

Define each variable:

Write the two equations to use to solve this
set of equations.

Write the two equations to use to solve this
set of equations.

Solve the equation:

Solve the equation:
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16) Solve this system of equations. Solve for both x and y. Use ONE of the methods
learned (graphing, substitution, or elimination). A graph is provided IF you wish to use
it.

The method you used to solve this system of equations is:

y

y == 3x- 5
y + 3x == 1
x
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Rotations Practice I
Rotation Mapping Rules
Rotation of 90°

R90° (x. y) =(-y, x)

Rotation of 180°

R1so0 (x , y) = (-x, -y)

Rotation of 270°

R210° (x , y) = (y. -x)

Rotation of 360°

R 360°

(x . y) = (x , y)

Rotations Practice I

Rotation Mapping Rules
Rotation of 90°
Rotation of 180°
Rotatio n of 270°
Rotation of 360°

(Rotations assessment with notes and without)
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Symmetry Practice I
Types Of Symmetry
Reflectional Symmetry
(Line Symmetry)

Rotational Symmetry
(Rotation of 180° or less)

Point Symmetry
(Rotation of 180°)

Symmetry Practice I
Types Of Symmetry
Reflectional Symmetry
(Line Symmetry)

Rotational Symmetry
(Rotation of 180° or less)

(Symmetry assessment with notes and without)

Point Symmetry
(Rotation of 180°)
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Notations Practice I

Reflection

r
r
r
r

x y) : ( - x y)
x y) -(x -y)
x y) : (y ,x)

y - OXIS (

I

X OXiS (

I

y=-< (
y=-x

Translation
T (a,oJ (x

I

,y) = (x+a, y+b)

I

I

(x,y) (-y ,-x)

Rotat ion

R)O (x,y) (-y, x)
R iso (x,y) (-x , -y)
R 270 ( x y) (y x)
R 36o· (x ,y) = (x,y)
I

I -

D a(x,y) =(ax, ay)

D~ (x,y)= (

Notations Practice I

(Notations assessment with notes and without)

! x , ! y)
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Reflections
1sl
4th
8th

Point Value
Turned In
2
9
8
17
11
19
Wrote Notes

22%
47%

58%

10
6
7
0

6
7
4

12
7

3
11

9
7

4
9

6
12

Translations
1sl
4th
8th

44%
71%
79%

15
14
13
0

15
15
13

12
14
15

1st
8th

12
15

15
3

8
4

7
12
15

9

17
19

78%
71%
79%

15
16
18

14

20
6

10
1
18

12

20
20

10
20
20

20
3
17

20
14
19

22%
47%
63%

14
14
19
9

10
14
20

14
20

14
11

12
16

10
20

20
15

22%
0%
37%

6

4

10
0

10

6
17

3
20

20
15

11
10

20

18

67%
29%
21%

8

10

9

9
17
19

11
14

11

14

12

15

83%
80%
76%

2
5

17
1

3
20

5
20

72%
70%
91%

10

20

19
20

19

17

20

17

60%
68%
85%

17

10

93%

8
15

10

8
8
6

15
10
12

15
10
10

15
8
10

15

10

79%
68%
80%

0

11%
18%
53%

23
25
21

26
88%

17
16

18
18

no/o
18

22

14

25

25

23

18

77%

3
Poin t Value

5
10
15

15

10

Point Valu e
Turned In
1
9
17
3
10
19
Wrote Notes

10

0%
8

Point Value
Turned In
6
9
5
17
4
19
W rote Notes

67%
56%
76%

50%

Test
1st
4th
8th

15
11

Point Value
Turned ln
2
9
0
17
7
19
Wrote Notes

Notations
1st
4th
8 th

3
15

Point Value
Turned In
2
9
8
17
12
19
Wrote Noles

Symmetry
1st
4th
8th

13
2

Point Value

Dilations
1st
4th
8th

12

12

8
14
15

Rotations
4th

12

Point Value
Turned In
4
9
12
17
15
19
Wrote Notes

Quiz
1st
4th
8th

7
9.5

54

56%
59%
79%

46
49
47

50
48
42

33
40

52

33
33
59

35
40

50

0
45

12

33

10
55

24

56

30
46

62

38

36

51

57

55

64%
46%
78%

